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Abstract
Dirac-Heisenberg-Wigner formalism is used to study chirp effects on the vacuum pair creation under
inhomogeneous electric fields. For rapidly oscillating electric fields, the particle momentum spectrum is
sensitive to both of the spatial scale and the chirp parameter, and the external field width has less significant
effect for the maximally large chirp. For slowly oscillating electric fields, chirp effects could be identified at
large spatial extents and the carrier phase plays a significant role reflecting chirp effects even at small spatial
scales. We also notice that, the local density approximation holds for all external field profiles considered
in this work at the quasihomogeneous limit allowing one to use arguments from homogeneous scenarios to
analyze inhomogeneous results.
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I. INTRODUCTION
Decay of the vacuum state under intense external fields is one of the nonperturbative predic-
tions of the quantum electrodynamics(QED) yet to be observed [1–3]. Reflecting the consequence
of the quantum vacuum in the background field, detection of this nonlinear QED phenomena re-
quires field strength of order Ecr ∼ 10
16V/cm[4]. Although matter creation using strong external
fields has been beyond the reach of experiments, electron positron creation in the laser experi-
ments [5, 6] and the realization of the light-by-light scattering of quasi-real photons in the particle
accelerators [7, 8] have strengthened the interest in further quests for pair production studies. The
upcoming experiments play a major stimulus on this journey by promising laser intensities at the
unprecedented level which makes it possible to observe nonperturbative vacuum pair production
in the near future [9–12].
Theoretically, it is crucial to consider more realistic external field modes to provide reliable
predictions for future experiments; for a review see Ref. [13]. The nonlinear nature of the vacuum
pair creation causes the process to be sensitive to external field parameters, thus careful shaping
of the applied field might induce special momentum signatures reflecting specific field structures
and corresponding particle creation dynamics [14–18]. Moreover, the possibility of lowering the
required field strength is reported for the cleaver combination of external fields with different
frequencies [19].
Both of the characteristic momentum spectrum signatures and the enhancement mechanism are
found in the pair creation under chirped laser field modes [15, 20]. Such frequency variations
of the external field are crucial to be studied not only because they represent more complex field
forms but for the fact that intense laser fields are realized in laboratories using the chirped pulse
amplification(CPA) technique [21]. The chirp effect is considered in tunneling and multipho-
ton absorption modes, and the effects of chirp parameters are mostly captured in the momentum
spectrum, while the total particle number is raised drastically for large chirp parameters in the
multiphoton process [15, 20].
On the other hand, previous works on pair creation studies in the inhomogeneous mode indicate
that the spatial dependence of the external field may have nontrivial effects. Particle selfbunching
was reported in the momentum spectrum of particles in Schwinger pair creation where the total
particle number also depends nonlinearly on the spatial scale of the external field [23]. For an
oscillating profile, the spatial focusing of the electric field introduces ponderomotive force effects
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into multiphoton process due to strong spatial variation of the electric field [24]. Moreover, a
new kind of oscillatory pattern was noticed in Schwinger pair creation for the narrow spatial fo-
cusing [25]. These findings further indicate the importance of including spatial variations of the
external field in pair production studies under more realistic field forms; see Ref. [26] for further
discussions.
In this paper, we use the real time Dirac-Heisenberg-Wigner(DHW) formalism [22, 23] to
investigate chirp effects in the spatially inhomogeneous mode using simplified model for a chirped
laser pulse. A large span of spatial scales are considered to reflect the extent of spatial dependence
of the external field. In the quasihomogeneous scenario, where the spatial extent is large, we
compare our results with pair creation in homogeneous cases. When the spatial extent is small, we
investigate results for differently oscillating external fields which may display various mechanisms
due to the complex interplay between temporal and spatial parameters. Special care is given to the
carrier phase effect in the slowly oscillating scenario.
Our paper is organized as follows. In Sec. II, we present the treatment of pair creation in 1+1
dimensions by introducing the field model to be considered in this study in Sec. II A and reviewing
the key points of the DHW formalism in Sec. II B. In Sec. III, the numerical results obtained for
various filed shapes are presented with physical implications. Sec. III A and Sec. III B show the
momentum distribution as well as the particle yield for fast and slow oscillations respectively. We
present our conclusion in Sec. IV.
Throughout this article, natural units(~ = c = 1) are used and the quantities are presented in
terms of the electron mass m.
II. OSCILLATING ELECTRIC FIELDS AND PAIR CREATION
A. External fields
In this article, we study the electron positron pair production in 1+1 dimensions by considering
the following oscillating electric field mode with space and time dependencies:
E (x, t) = E0 f (x) g (t)
= ǫ Ecr exp
(
−
x2
2λ2
)
exp
(
−
t2
2τ2
)
cos(bt2 + ωt + φ),
(1)
where Ecr is the critical field strength and λ reflects the spatial scale of the external field. We
choose E0 = 0.5Ecr(ǫ = 0.5) and set ω = 0.7m with τ = 45m
−1 when studying the rapidly
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oscillating mode, while for the slowly oscillating field, we let ω = 0.1m and τ = 25m−1. The
introduction of a nonzero chirp b results in a time dependent frequency which we call the effective
frequency: ωeff(t) = ω + bt. Since pair production mostly occurs at the maximum of the external
field and its nearby regions, we assume the relevant time interval to be −τ ≤ t ≤ τ(note that τ takes
above chosen two values for corresponding oscillation modes) when estimating the range of the
chirp parameter value. We present the value for chirp in the form of b = αω/τ (α ≥ 0)so that it
indicates the change in the effective frequency by chirp in the relevant time interval −τ ≤ t ≤ τ:
ωeff(±τ) = ω ± bτ = ω ± αω. (2)
Then we set the theoretical upper limit for the chirp parameter by letting the maximum effective
frequency to be around the threshold frequency ωeff(τ) ∼ 1.0m for the fast pulse. And for ω =
0.1m, the maximum chirp is taken with the condition ωeff(τ)τ ∼ O(1) to preserve the fewcycle
pulse shape of the external field. Therefore, we take maximum chirp for ω = 0.7m to be b =
0.5ω/τ ≈ 0.0078m2 and for ω = 0.1m the maximum chirp is b = 1.5ω/τ = 0.006m2.
In this idealized standing wave profile, we attempt to model the oscillating electric field with
spatial dependency constructed by two counter propagating coherent laser fields aligned to cancel
out the magnetic component. We point out that the direction of the field is along the x-axis and field
strength varies in both x and t. Through this simplified model, we are investigating how spatial
variation and other temporal field parameters interplay with each other and affect pair creation by
calculating the produced particles’ number density in the phase space.
B. DHW formalism
The DHWmethod was developed from the fermion density operator to explore the phase space
structure of the Dirac vacuum [22], and it is an efficient formalism for the investigations on pair
creation under both spatially homogeneous [20, 28–31] as well as inhomogeneous electromagnetic
fields [23–25, 27]. In this paper, the DHW equations of motion are solved numerically [25, 32]
for spatially inhomogeneous external field modes given in Eq.(1). Since the detailed calculations
and numerical strategies could be found in Refs. [23–25, 32], we only provide the equations and
observable quantities relevant to our study in the following.
The complete set of equations of motion for the Wigner components are reduced to 4 equations
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in the 1+1 dimensional scenario [23–25]:
Dts − 2pxp = 0, (3)
Dtv0 + ∂xv = 0, (4)
Dtv + ∂xv0 = −2mp, (5)
Dtp + 2pxs = 2mv, (6)
with the pseudodifferential operator
Dt = ∂t + e
∫ 1/2
−1/2
dξ Ex
(
x + iξ∂px , t
)
∂px . (7)
Among the four Wigner components in the the equations of motion(3)-(6) we have only two non-
vanishing vacuum initial conditions [32]:
svac = −
2m
ω
, vvac = −
2px
ω
, (8)
where ω =
√
p2x + m
2 is the energy of a particle. By explicitly subtracting these vacuum terms, the
modified Wigner components are written as:
w
v = w −wvac, (9)
where w denotes the four Wigner components in our 1+1 formalism. Then the particle number
density in the phase space could be defined via dividing the total energy of the created particles by
individual particle energy [23]:
n (x, px, t) =
msv (x, px, t) + pxv
v (x, px, t)
ω (px)
. (10)
The position distribution or the momentum distribution of the created particles could be obtained
from n (x, px, t) by integrating out px or x respectively, and the total particle yield is calculated by
integrating over the whole phase space:
N (t) =
∫
dxdpxn (x, px, t) . (11)
The numerical treatment for Eqs. (3)-(6) follows from the techniques developed in Ref. [32],
where the spectral method is employed to handle the pseudodifferential operator (7). The calcula-
tion parameters are chosen in similar way as in Refs. [25, 32] and tested for reasonable parameter
space such that final results are convergent.
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III. NUMERICAL RESULTS
A. Rapidly oscillating electric field: ω = 0.7m.
In this subsection, we obtain results for ω = 0.7m characterizing pair production in the rapidly
oscillating electric fields with spatial focusing using external field model (1) for various chirp
parameter values. We set τ = 45m−1 such that, for b = 0(see Fig. 1), we could obtain same results
as in Fig. 3 of Ref. [24], where the temporal pulse envelope is chosen as cos4( t
τ
) with τ = 100m−1.
Before we discuss the results for nonzero chirp values, we investigate in detail the pair production
process for b = 0 so that it may assist the discussions for the rest of the calculations.
1. Local density approximation.
In Fig. 1, we recover the signatures of multiphoton absorbtion of the homogeneous scenario
in the quasihomogeneous limit where λ = 1000m−1. The n-photon absorption spectrum could be
understood as a result of particle trajectory adding up to form interference patterns[33]. When the
spatial width of the external field decrease to λ = 10m−1, the main peak at p = 0 in the momentum
spectrum spreads and displays an oscillatory pattern due to the disruption of a coherent superpo-
sition of particle trajectories by the finite size of the pulse. For λ = 2.5m−1, the ponderomotive
force caused by the highly inhomogeneous nature of the external field accelerates particles in the
directions where the external field decrease resulting in the split of the p = 0 peak[24].
However, compared with the homogenous limit(λ → ∞), the main peak at vanishing momen-
tum seems to be more pronounced in the quasihomogeneous scenario as is noticed in Ref. [24].
Furthermore, from the position distribution of certain momenta n(x, p = pi, t = t f ) shown in Fig.
2(a), we observe that, with the departure of particle location from the origin, the heights of typical
momentum peaks behave like that of pair production under homogeneous fields with decreasing
field strength ǫ: The related peak values would decrease for p = 0.9m and p = 1.4m, while
the vanishing momentum peak would reach maximums and minimum with decreasing ǫ, see Fig.
2(b). It seems that the spatial dependency of the external field is playing the role of an effective
field strength such that at different locations the field obtains different amplitudes according to
the gaussian function of the position ǫ(x) = 0.5 exp(− x
2
2λ2
), and the pair production process occurs
independently at each location.
By this observation, we could calculate a new momentum distribution by summing results for
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FIG. 1: Reduced momentum spectrum for spatially focused oscillating electric fields (1) with ω = 0.7m and
b = 0. Other field parameters are ǫ = 0.5, τ = 45m−1 and φ = 0. Note that, the summed momentum by the
local density approximation labeled as Σxǫ(x) (red dot-dashed curve) overlaps with the quasihomogeneous
result.
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FIG. 2: The position distribution for typical momentum peaks n(x, p = pi, t = t f ) for λ = 1000m
−1(top) and
corresponding peak values n(ǫ, p = pi) for various field strengths ǫ for homogeneous field (bottom). The
asymptotic final time is set to t f = 6.5τ.
homogeneous fields with different field strengths given as:
n˜(p, t →∞) =
∑
x
n(ǫ(x)|p, t → ∞)
λ
, (12)
where n(ǫ(x)|p, t → ∞) is the momentum distribution for the homogeneous field E(t) with effective
field strengthes:
E(t) = ǫ(x)Ecr exp
(
−
t2
2τ2
)
cos(bt2 + ωt + φ). (13)
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And the spatial scale λ in the denominator in Eq. (12) is introduced since we calculate the reduced
particle number distribution. The corresponding result agrees with the quasihomogeneous calcu-
lation as shown in Fig. 1 where the red dot-dashed curve is the approximation result. Thus we
may understand the large maximum peak around p = 0 for λ = 1000m−1 in Fig. 1 by referring to
pair creation in homogeneous fields where the maximally large peak value is present for smaller
effective strengthes which is included in the summation (12), see Fig. 2(b). Nevertheless, we
could relate the overall shape of the momentum spectrum for λ = 1000m−1 to pair creation for
homogeneous field with same ǫ = 0.5.
This local density approximation(LDA) that we have used above for a multiphoton absorption
process is only valid when the pair-formation length l = 2m/|eǫEcr | is much smaller than the spatial
width λ of the external field[23, 34, 35]. We have noticed that, not only the summed momentum
of the LDA calculation agrees with the exact result for an inhomogeneous field(see the red line
and the black solid line in Fig. 1), the typical momentum peak at each location n(x, pi) also
closely related to the homogeneous result with ǫ(x)at each location x(see Figs. 2(a) and (b)). This
profound relation between details of two approaches is due to the formation of particle pairs at
each location independently via photon absorption. This detailed relation is weaken in a tunneling
process, however, it is still sufficient to find agreement between the summed momentum(the LDA
calculation) and the quasihomogeneous results so that momentum distribution could be explained
in terms of temporal pulse structure.
2. Chirp effects.
If we assume the dominant contribution from external field to pair creation comes in the time
interval from −τ to τ, the change in the time dependent frequency ωeff = ω+ bt by the linear chirp
b could be estimated as:
∆ωeff = ωeff(τ) − ωeff(−τ). (14)
For the chirp values considered in Fig. 3, ∆ω ranges from 0.1ω to 1.0ω and the corresponding
momentum distribution differs greatly from the b = 0 case in Fig. 1 for larger chirp.
For λ = 1000m−1, the momentum distribution could be directly related to the temporal pulse
structure. The disruption of the constant frequency by the chirp weakens the n-photon absorption
spectrum in Figs. 3(a) and (b). However, since ∆ωeff ≤ 0.2ω for these small chirp values, we could
still observe the main peak at p = 0 which corresponds to the 3-photon absorption in the zero chirp
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FIG. 3: Reduced momentum spectrum for spatially focused oscillating electric fields (1) with nonzero chirp
values. Other field parameters are same as the zero chirp case in Fig. 1(a). The corresponding increasing
chirp values are b ≈ 0.00078m2, 0.0016m2, 0.0031m2 and 0.0078m2.
case. For large chirp values, the resulting momentum distribution completely differs from the mul-
tiphoton spectrum displaying a complex oscillation, see Figs. 3(c) and (d). Since pair creation is a
non-Markovian process where earlier history of the events are accumulated into the process[36],
wide range of change in the time dependent frequency ωeff(t) has significant influences.
When spatial focusing size decreases to λ = 10m−1, both temporal structure and the finite
spatial width become crucial. The finite size of the external field prevents particle formation to
be dominated by the temporal pulse structure. However, we could observe momentum spectrum
displaying the same complicated oscillating pattern as in the quasihomogeneous case for large
chirp parameters indicating that finite spatial width plays less significant role for such large chirp,
see Fig. 3(d).
At the extremely small spatial width λ = 2.5m−1, the peak splitting present in b = 0 is present
till the chirp parameter reaches b = 0.5ω/τwhere we loose such effect in the momentum spectrum.
This is related to the highly nonuniform oscillation caused by the large chirp parameter inhibiting
the formation for ponderomotive force which pushes particles towards low field intensity regions
in space [24].
The effects of chirp parameter at various spatial extents could also be seen in the total par-
9
10 0 10 1
10 -1
10 0
FIG. 4: Reduced particle yield at various spatial extents for chirped oscillating electric fields (1) with
frequency ω = 0.7m. The dotted line for the maximal chirp b = 0.5ω/τ shows the overall tendency of the
total particle numbers with the increasing chirp at different spatial scales.
ticle yield presented in Fig. 4. As is reported in Ref. [24], a possible dynamical enhancement
present for the ω = 0.7m oscillation mode, and this enhancement seems to benefit from the strong
ponderomotive force at narrow spatial scale around λ ∼ 2m−1. The decrease of particle yield for
b = 0.1ω/τ indicates that small chirp changes the oscillation frequency and restrains the enhance-
ment mechanism[37]. With the further increase of chirp value, higher effective frequencies at later
times ωeff(t) dominate the process and increases the total yield. For the maximal chirp b = 0.5ω/τ,
particles are created mostly by high energy photon absorption such that particle number increases
greatly and the spatial dependency of pair creation would become less significant.
B. Slowly oscillating electric field: ω = 0.1m.
Now we consider the slowly oscillating electric field mode by choosing ω = 0.1m and split the
results for φ = 0 and φ = π/2 since envelope phase has crucial effect on the temporal pulse shape.
The temporal pulse length is chosen as τ = 25m−1, so that we achieve numerical convenience while
retaining the main features of pair creation in electric fields with subcycle structure [14, 15]. In this
tunneling dominated regime, we have also recovered the quasihomogeneous results by applying
the LDA calculations, see red dot-dashed lines shown in Fig. 5 and Fig. 7.
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FIG. 5: Reduced momentum spectrum at various spatial extents for chirped oscillating electric fields (1)
with frequency ω = 0.1m, τ = 25m−1 and φ = 0. The corresponding increasing chirp values are b =
0, 0.002m2, 0.004m2 and 0.006m2.
Fig. 5(a) shows the momentum distribution for pair creation under electric fields with subcycle
structures at various spatial scales. At λ = 500m−1, the momentum distribution is similar to the
homogenous case and does not center around p = 0 because of the small oscillation frequency.
When spatial width decreases to λ = 10m−1 momentum spectrum shifts towards higher momentum
values. This shift in the momentum distribution is different from the case for the Schwinger
pair creation in a single pulse sech2(t/τ) [23]. In the single pulse field, decrease in spatial width
causes particle selfbunching where momentum spectrum shifts towards the vanishing momentum
direction with higher peak value because particles leave the finite field region and can not be
accelerated. In the present case the width of electric field is finite, particles created with certain
momentum leave the electric filed region and miss the particle deceleration by the negative field
peak. Also particles leaving the external field region could miss the chance to interfere with
other particles such that the oscillatory pattern present for λ = 500m−1 is weaken or missing.
Therefore, lack of particle-field interactions and lack of interference with other particles affects
the momentum distribution and may cause a shift in the particle momentum distribution.
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FIG. 6: Temporal electric field shape for E(t) = 0.5 exp(− t
2τ2
) cos(ωt + bt2) with ω = 0.1 and τ = 25.
At the quasihomogeneous case of λ = 500m−1, the small chirp parameter causes stronger
oscillatory pattern in the momentum spectrum compared with the b = 0 case, see Figs. 5(a) and
(b). This could be understood as the interference of particles created from the maximum main
peak and the opposite signed side peak of the temporal field[14], see Fig. 6 for the temporal pulse
shape. Momentum distribution range widens and shifts especially for larger chirp values in Figs.
5(c) and (d) because external field oscillation slows down greatly within the dominant time interval
and causes particle acceleration. For instance, when chirp b = 1.5ω/τ, we have,
ωeff(t = −
2
3
τ) = ω + bt = 0. (15)
Therefor, oscillating field peaks with vanishing frequency or wider temporal width appear within
−τ ≤ t ≤ τ and spreads momentum distribution range.
At the strong focused scenario, where λ is small, particles leave from the external field region
and chirp effects, such as strong oscillations and shift in the spectrum, are not as pronounced as in
the large spatial extent case.
2. φ = π
2
For φ = π/2 and λ = 500m−1, the nonzero chirp changes the coherent interference pattern
in Fig. 7(a) and turns it into a complex oscillatory one for the large chirp shown in Fig. 7(d).
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FIG. 7: Reduced momentum spectrum at at various spatial extents for chirped oscillating electric fields
(1) with frequency ω = 0.1m, τ = 25m−1 and φ = π/2. The corresponding increasing chirp values are
b = 0, 0.002m2, 0.004m2 and 0.006m2. Note that, chirp effect is noticeable even for λ = 10m−1.
The interference pattern for b = 0 could be understood as the interference between temporally
separated pair creation events [14] and the complex oscillation for large chirp as the consequence
of pair creation events from multiple sources, see the dot-dashed line in Fig. 6 for the temporal
pulse shape. Compared with the homogeneous case, where asymptotic minimum in the momen-
tum spectrum would reach the bottom, the quasihomogeneous result gives a weaker interference
pattern. This weakening effect could be understood in the light of the LDA where some of the
complete interference patterns for different effective field strengthes cancel out in the sum.
Interestingly, compared with the results for φ = 0, the chirp affects momentum spectrum dif-
ferently for λ = 10m−1 in Fig. 7. Particles created from two opposite sign field peaks with large
temporal durations leave the finite field region in two directions and form two momentum peaks
for λ = 10m−1 in Fig. 7(a). With the increase of b, relatively fast oscillating peaks with shorter
temporal duration in the external field is less affected by the finite spatial width and we observe
the merging of two major momentum peaks finally forming an oscillatory structure similar to the
complex oscillation in the quasihomogeneous case, see Fig. 7(d).
In Fig. 8, we display the reduced total numbers of created particles for various spatial extents.
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FIG. 8: Reduced particle yield at various spatial extents for chirped oscillating electric fields (1) with
frequency ω = 0.1m. The blue lines, which are below the black lines at the large spatial scales, correspond
to φ = π/2 results.
At large spatial scales, final particle yield is smaller for φ = π/2 because of the decrease of the
external field energy by changing from the cosine field with maximal peak at t = 0 into two
smaller side peaks of a sine field, see Fig. 6. However, the chirp parameter seems to affect the
total particle yield differently for different phase values which is also explained by the changes
in the temporal field shape. Around the electron Compton wavelength, sudden drop in the total
yield reflects the general feature for tunneling mode where external field’s total energy becomes
too small to produce particles[23]. For narrow spatial scales, the total number is sensitive to both
chirp and carrier envelope phase parameters. At these cases pair creation is no longer dominated
by temporal field parameters, rather, it is a combined effect of both of the spatial scale and the
temporal field structure calling for more general means to explain.
IV. CONCLUSION
We have shown the chirp effects at various spatial scales of the external field for two os-
cillating frequencies. When the spatial scale λ ∼ 1000m−1, the external field form E(t, x) =
E0 exp(−
x2
2λ2
)g(t) could be considered as the generalization of the homogeneous form E(t) = E0g(t)
such that two field forms have direct connection via local density approximation. Thus the pair
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production features in the momentum spectrum could be analyzed using similar arguments from
the homogeneous case. Moreover, in the multiphoton absorption scenario, we notice the one to
one correspondence between the particle number for certain momentum at individual positions
n(xi, p) for the quasihomogeneous field and the homogenous results n(ǫ(xi), p) with different field
strengths . This profoundness of the local density approximation maybe is to the adiabatic nature
of multiphoton absorbtion process where particle creation happens by photon absorption instead
of the work done by the external field.
At the large spatial scale, the small chirp parameter disrupts the n-photon absorption spectrum
and large chirp results in a complex oscillatory distribution loosing the sign of a multiphoton
absorption for rapidly oscillating field. Large chirp also causes enhancement in the total particle
number and is less affected by the spatial width because of the high frequency modes present
in the time dependent frequency ωeff(t). For the slowly oscillating field, chirp causes shift and
interference patterns in the momentum distribution. Nonzero chirp causes slight change in total
particle yield because of the change in the temporal field shape.
The strong spatial focusing reflects chirp effects differently for various oscillatingmodes. When
the electric field oscillates slowly, the temporal carrier phase effect is found to be crucial even for
λ = 10m−1. The chirp effect is not obvious for φ = 0 at this scale, however, for φ = π/2 we see
merging and the formation of oscillatory pattern in the momentum spectrum with the increase of
chirp value which is quite different from the homogeneous instance. This indicates that the finite
spatial scale renders effects of the temporal pulse structure differently according to the temporal
pulse structure and complicates the nonMarkovian nature of the process [36] with the additional
dimension.
These results also suggest that introducing finite spatial scales of the external fields may have
crucial consequences to the homogenous results, thus one needs to be more cautious when cal-
culating multidimensional external field results to provide more accurate predictions. Also, the
shape of the spatial pulse may have nontrivial effects on particle momentum spectrum and even
on the total number enhancement. Furthermore, analytic tools needs to be generalized to broader
parameter ranges so that it is possible to better understand nontrivial features of pair creation in
inhomogeneous fields.
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